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Optimum Parking Orbit Orientation for
* . L L]
a Three-Dimensional Capture-Escape Mission
D. E. Cornick* anp L. K. SEVERSIKE}
Towa State University, Ames, Towa
The capture and escape maneuvers required to establish a stopover orbit around a planet
for a given interplanetary mission can be expensive in terms of total mission fuel require-
ments.  An analytical and computational technique to determine the optimum orientation
of the stopover orbit (longitude of the ascending node, orbit periapsis location, and the posi-
tions of the capture and escape maneuvers) such that the total velocity increment required
for the two impulsive maneuvers is a minimum, is presented. Davidon’s method, using a
finite differencing technique to calculate the gradient vector, is employed in the optimization
process. This approximation to the gradient vector proved to be sufficiently accurate to per-
mit convergence to a solution. The technique has been programmed for a digital computer
so that parametric studies can be made for arbitrary stopover orbits and planetary missions.
Results are presented for a 1973 Mars mission and a 1978 Venus mission.
Nomenclature 4 = nondimensional ratio, Cyr/2u
T = mean orbital motion
i = unit vector toward ascending node ¢ = true anomaly of injection point in hyperbola
a = semimajor axis of conie section ¢a = true anomaly of hyperbolic asymptote in hyperbola
Cs = vis-viva energy integral w = argument of periapsis of stopover orbit
e = eccentricity of conic section @ = time rate of change of argument of periapsis
h = magnitude of specific angular momentum Q = right ascension of ascending node of stopover orbit
i = inclination of stopover orbit 2 = time rate of change of right ascension of ascending node
JD = Julian date ¢ = unit vector in direction of angular momentum vector
k = unit vector along positive z axis of stopover .Orblt .
K., K. = quantities defined in Eq. (8) [ 1x = rotation matrix about a k axis
n = apsidal ratio (r./r,) of stopover orbit zyz = planet equatorial reference frame L .
P — semi latus rectum W = stopover,orblt reference frame with ¢ axis in the direc-
7 = position vector at injection point tion of the ascending node
# = unit position vector at injection point
r = magnitude of position vector Subscripts
Ta = B2poapsis radl‘us ( e = refers to capture hyperbola quantity
g = periapsis radius ( )e = refers to escape hyperbola quantity
S = unit vector in direction of hyperbolic asymptote () = refers to hyperbola quantity
t = time parameter
4 = velocity vector at injection point .
v = unit velocity vector at injection point Introduction
v = magnitude of velocity vector
Vo = target planet’s velocity vector LANNING for future manned and unmanned lunar and
Ve = hyperbolic excess velocity vector interplanetary missions requires extensive studies of
AV = velocity inerement vector for injection maneuver the possible spacecraft trajectories. Many of these scientific
AV = magnitude of velocity increment vector exploration missions will include in their flight profiles a
Wi = unit vector in direction of angular momentum vector of stopover or parking orbit about the target planet.
_ hyperbola . The establishment of the stopover orbit about the target
« = right ascension of hyperbolic asymptote lanet tat locity i t to red th ~
I¢] = angle between injection position vector 7 and hyper- b ane}a nhecessitates a veloclly Increment to requce the space
bolic asymptote S craft’s veloc_lty along the incoming hyperbs)hc pa!}h to the
¥ = flight path angle at injection point proper velocity required to go into the parking orbit. After
8 = declination of hyperbolic asymptote a certain stay-time in the stopover orbit, determined by
9 = true anomaly of injection point in stopover orbit mission objectives, another velocity increment is required
u = gravitational constant for central body to permit the spacecraft to escape from the target planet
p = angle between ascending node and injection point in along an outgoing hyperbolic path that is the beginning of

stopover orbit
Pa = angle between stopover ascending node and projection
of hyperbolic asymptote onto stopover orbit plane
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the return leg to the Earth. A schematic of the mission
showing the heliocentric and planetocentric phases is pre-
sented in Figs. 1 and 2.

Ideally the approach hyperbolic asymptote and the stop-
over orbit would lie in the same plane so that an inplane cap-
ture maneuver could be performed. Coplanar geometry
conditions for the departure hyperbolic asymptote and the
stopover orbit are also desirable.  In general, however, this
coplanar relationship will not be satisfied because of the
dynamic nature of the relative geometry of the asymptotes
and the parking orbit. The orientation of the approach and
departure asymptotes is a function of time as is the orienta-
tion of the stopover orbit due to the perturbations resulting



JULY 1970

from the planet’s oblateness. Hence, a coplanar transfer
can be accomplished at only one time when the hyperbolic
asymptote and the orbit plane are contained in the same
plane. For this case, the optimum injection position is at
the periapsis of the hyperbola. If the parking orbit is ellipti-
cal, then this point should coincide with the periapsis of the
ellipse for the optimum single impulse injection. Since this
coplanar injection is very restrictive from a mission planning
standpoint, a noncoplanar maneuver is more realistic. The
optimum position for the noncoplanar transfer will not
necessarily occur at the periapsis of the parking orbit so that
a AV penalty will result due to both the plane change maneu-
ver and the path angle change. Since these AV penalties
can become large, it is desirable to minimize this effect. Al-
though these two velocity impulses, one for the capture
maneuver and one for the escape maneuver, constitute only
a portion of the total velocity increment requirements for the
entire mission, they can represent a considerable percentage
of the total, especially for missions to the more massive
planets. As a consequence, minimization of the total ve-
locity increment necessary for the capture and escape maneu-
vers can produce a significant reduction in the total mission
fuel requirements. Therefore, it is desirable to determine
the orientation of the stopover orbit and the capture and
escape injection positions that will minimize the velocity
increments. This problem is called the stopover orbit launch
window problem.

The coplanar stopover orbit launch window problem has
been examined for the optimum orientation of the parking
orbit excluding the effects of the planet’s oblateness in Refs.
1 and 2. In Ref. 3, the analytical considerations for the
general three-dimensional launch window problem have
been treated. The planar finite thrust transfer between
planet approach and departure asymptotes with a specified
intermediate orbit was evaluated in Ref. 4. Several other
papers have considered either the optimum capture or escape
problem, but not the combination of these two modes.?:

This paper analyzes a technique for determining the opti-
mum parking orbit orientation for the three-dimensional
stopover orbit launch window problem. Davidon’s method
is used to minimize the total velocity increment with respect
to the four variables, the longitude of the ascending node,
the periapsis location of the stopover orbit, and the position
of the injection points for the capture and escape maneuvers.
The parking orbit is assumed to be elliptical and is, in general,
not coplanar with either the approach or the departure hyper-
bolic asymptotes. Only two velocity impulses are con-
sidered, one for capture and one for escape from the stopover
orbit. Perturbations of the parking orbit due to the target
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Fig.1 Heliocentric trajectory phase.
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Fig. 2 Planetocentric trajectory phase.

planet’s oblateness are included. The gradient of the per-
formance functional is approximated by differencing and it is
shown that this approximation does not, in this case, prevent
convergence. Along with the analytical considerations in-
volved, a description of the digital computer program is in-
cluded. The results of this study indicate that deflected
gradient schemes can be utilized very effectively for this
type of launch window problem.

Analytical Development

The analytical technique for caleulating the velocity incre-
ment functional to be minimized is developed for the three-
dimensional capture-escape launch window problem. Cap-
ture into an elliptical parking orbit about the target planet
is accomplished by applying a velocity impulse at the inter-
section of the approach hyperbolic trajectory and the stop-
over orbit. After a certain stay time during which the orbit
orientation will have changed due to the planet’s oblateness,
a second velocity impulse is applied at the point where the
stopover orbit and the departure hyperbolic trajectory
intersect. The total velocity increment is then optimized
vielding the optimum orientation of the parking orbit and
the injection conditions (velocity and position vectors) for a
specified interplanetary mission and stopover orbit.

The development is based upon the following assumptions:
1) the spacecraft is treated as a point mass and two-body
mechanics are used for the capture hyperbola, elliptical stop-
over orbit, and the escape hyperbola; 2) the general elliptical
parking orbit may have any orientation, and its motion is
due to the nodal regression and the advance of the periapsis
due to the perturbations caused by the oblateness of the
planet; 3) the orientation of the approach hyperbolic asymp-
tote and the arrival energy are functions of time depending
upon the arrival time and the trip-time along the outbound
Earth leg of the mission; 4) the orientation of the departure
hyperbolic asymptote and the departure energy are functions
of time depending upon the departure time and the trip-time
along the return Earth leg of the mission; 5) the capture
and escape maneuvers are accomplished by a single impulsive
velocity change, thereby resulting in a total of two-impulsive
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Fig. 3 Noncoplanar stopover orbit launch window geom-
etry.
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Fig. 4 Inplane escape hyperbola geometry.

velocity increments; and 6) the stay time in the parking orbit
around the target planet is limited to a fraction of the planet’s
orbital period.

Figure 3 shows the basic geometry for the noncoplanar
launch problem. The inertial xzyz axes system is oriented
such that the z axis points toward the vernal equinox and
the z axis is normal to the equatorial plane. The orthogonal
£yt axes system has the £ axis in the stopover orbit plane
along the line of the ascending node and the { axis normal to
the parking orbit plane along the angular momentum vector.
The inplane geometry for the escape hyperbola is presented
in Fig. 4.

The impulsive velocity increment required for either the
capture or the escape maneuver can be expressed as a function
of the energy level Cs, the right ascension a and declination
& of the hyperbolic asymptote vector 8, the parking orbit
inclination 7, the semimajor axis a, the orbit eccentricity e,
the argument of periapsis w, the right ascension @ of the
ascending node of the parking orbit, and the injection location
p in the parking orbit. Hence, the functional form for the
velocity increment for a vehicle to transfer from a heliocentric
conic to a planetocentric parking orbit is

AI7C = AVC[03(t);a(t);6(t)Ji;a;e)w(t))ﬂ(t)yp(?] (1)

As noted, the energy level and the hyperbolic asymptote are
functions of time as are the orientation angles of the parking
orbit. Hence, these parameters must be evaluated at the
time of capture.

The similar expression for the escape velocity increment
from the parking orbit to the heliocentric conic is given in
functional form as

AVe = AVu [03(t);a(t) ;6(t) :i:a:e:w(t):ﬂ(t):l)e] (2)

where the parameters must be evaluated at the time of
escape.

The sum of the two impulses is the function that is to be
optimized

AVtutal = IAVCI + |AI7°| (3)

For a given mission the orbital parameters a, e, and ¢ will be
specified. Depending upon the Earth launch opportunities
and the vehicle performance capabilities, the energy level
C; and the approach asymptote S will also be specified.
Similarly the energy level and the departure asymptote will
be specified depending upon mission objectives and system
capabilities. ‘

The motion of the stopover orbit relative to the planet
. during the stopover is accounted for by the secular perturba-
tions due to the planet’s oblateness as

Qo = Q¢ + QID, — JD¢) @
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we = we¢ + @(JD. — JD¢) (5)

where Q and & depend upon the parking orbit size, shape,
and inclination and the physical properties of the target
planet, e.g., mass and the second harmonic coefficient J;. For
Mars
@ = —7 cosi[3(Ky/p?) + 10(Ke/p*)(1 + 1.5¢%) X

1 — 1.75 sin%)] (6)

7 [3(Ko/p?) (1 — 1.5 sin%) + 10 (Ko/p?H X
(1 4 0.75¢?)(1 — 5 sin% -+ 4.375 sin%)] — Qcosi (7)

where

e
Il

p=a(l —e), Ky = 7.03656 X 105/72

Ky = 22517 X 10%/7% 7 = [u/a3]V/? ®
For short stay times or for a planet such as Venus, 2 = 0
and @ =2 0.

Therefore, for a specified stopover time, the optimum orbit
orientation angles, 2, and w., can be calculated for the corre-
sponding optimum conditions at the capture time. Hence,
the parameters @ and o appearing in Eqgs. (1) and (2) are
related.

As a result, Eq. (3) may be rewritten as

Avtotal = Av(w;QyPCyPe) (9)

or as a function of the four independent variables; the longi-
tude of the ascending node, the periapsis of the parking orbit,
and the location of the injection points for the capture and
escape maneuvers.

Basically there are three phases to the calculation of the
performance functional; 1) stopover capture orbit condi-
tions, 2) injection conditions for both the capture and escape
maneuvers, and 3) computation of the total velocity
increment.

Stopover Capture Orbit Conditions

The stopover orbit about the target planet is specified by
the parameters a, e, and ¢ or alternatively by 7r,, n, and ¢

-~ where

r, = a(l — ¢) (10)
A+ e/l — e (1)

The orientation angles € and w for both the capture time
and escape time are to be determined for the optimum
conditions.

Since the £p-plane lies in the orbit plane, the unit vector
along the line of ascending nodes can be expressed as 4 =
(1,0,0) or, in the xyz system,

1
4= [—9]3[—’5]1|:0] (12)
0 .

N = T1./Tp =

where the rotation matrix [— 6]k indicates the inverse of the
rotation matrix [0;]x with argument 6; about the K axis.
The injection position veetor in the equatorial reference frame
is

F=rF (13)
where

r = a(l — e2)/(l + e cos) (14)

1
r= [—ﬂlsi—z‘h[—p]a[g} (15)

and
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Now the true anomaly 8 measured in the orbit plane is

b=x+p=2r+p—ow (16)
The velocity vector in the same reference frame is given by
V=vV (17)
where
V= pul@/r) — (1/a)] (18)

Since the flight path angle v is the angle between the radial
direction and the velocity vector, then the unit velocity vector
is

1
V= [—52]3[_’5]1[—P]3[—’Y]3|:8:| 19)

The flight path angle can be determined from angular
momentum considerations

F=7XV =rVsinyf = h¢ (20)
Since
ho= [ua(l — )]/ (21)
then
v = sin™Y [pa(l — e2)]V2/rV} (22)
where
0svy=Sn2fr 0= (p—w) =7
and

/2 < y<mlorm < (p — w) <27

Capture and Escape Injection Conditions

The conditions for the planetocentric capture or escape
hyperbolic trajectories can be calculated in the following
manner. For the specified Julian date JD¢ or JD,, for the
capture or escape maneuver, the injection conditions («,8,C3)
are predetermined. Hence, the unit vector in the direction
of the incoming or outgoing hyperbolic asymptote is

1
S = [—als[a]z[o] (23)
0

The injection position vector (magnitude and direction) is
given by Eqgs. (13-15). In terms of the hyperbolic parameters

r = az{es? — 1)/(1 4+ e cose) (24)

where the inplane geometry for the hyperbolic trajectory is
shown in Fig. 4. ~

The velocity vector V; in the planet’s equatorial reference
frame is

Vi = ViV (25)
where
Vi = 7 cosyn + (Wi X 7) sinys (26)
and
Vit = ul@/n) + (1/a)] @7)
Now, since the energy level (; is known and defined as
Cs = p/ay, = Vo2 28)
the magnitude of the velocity vector becomes
Vit = @u/r) + Cs (29)

Again use the angular momentum concept to determine the
flight-path angle between the radial direction and the ve-
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locity vector

Fi = 7 X Vi = rVisinyaWas = Wi (30)

Since
hoo = lanp(en? — DJV2 = plles? — 1)/Cs1* 31)

then

vi = sin"Ypu[(e2 — 1)/Cs]V2/rV )} (32)

The eccentricity can be obtained from the true anomaly of
the hyperbolic asymptote ¢, since

cosp, = —1/e, (33)
or
er = (tanp, + 1)1/2 (34)
From Ref. 6 for an incoming asymptote
tang, = o sinB + [(1 + o) — (1 — o cos@)]V2 (35)
and for an outgoing asymptote
tang, = —o sinB — [(1 + a)2 — (1 + o cosB)2]¥2 (36)
where the dimensionless parameter o is defined as
g = Csr/2u 37

The unit vector hyperbolic angular momentum can be deter-
mined as

W. = ¢ x 8)/sing (88)

The determination of the true anomaly ¢ of the injection
position vector, the orientation angle ¢, of the asymptote,
and the angle 3 are all related and depend upon the orienta-
tion of the plane of the hyperbola. Once the orientation of
the hyperbolic plane has been established the angle ¢ can
be determined, since it is measured in the direction of the
motion along the hyperbola. If W,k is positive, then the
motion is called direct, and if Wik is negative, the motion
is retrograde. The convention that B is positive when
measured in the direction of motion along the hyperbola
going from 7 to S was adopted. Therefore,

8 = cos~1(7-8) (39)
and

¢=¢u_ﬁ (40)

It should be noted that the injection maneuver for either the
capture or escape hyperbola can be accomplished on either
the incoming or the outgoing leg. Therefore, the flight path
angle is dependent upon the angle ¢. For

0=od<7m0< v S 7/2

and for
r<¢<2mn/2< v, <T

It therefore becomes apparent that a considerable amount of
logic must be included to assure that the proper geometry is
obtained. Experience has shown that the optimum injection
maneuver occurs when the direction of motion in the hyper-
bola is in the same general direction as the motion in the
stopover orbit.

Computation of the Total Velocity Increment

Now that the velocity vectors for the capture and escape
hyperbolas along with the velocity vector at the injection
points in the stopover orbit have been determined, the ve-
locity increments required to perform the capture and escape
maneuvers can be evaluated. The velocity increment for
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Fig. 5 Relative geometry of hyperbolic asymptote and
stopover orbit plane.

capture is
AVe = Ve — Tie (41)
or
AVe = |AVe| = [(Ve — Vi) - (Te — Tag) Y2 (42)
AVe = [Vig2 + Ve — 2VeViecVo- Viel2 (43)
For the eseape maneuver the velocity increment is
AVe= V4, — V. (44)
or
AV, = [Vi2 + Ve — 2V.V,V.- Vi, ]v (45)

As a result, the total velocity increment according to Egq.
3) is

Atha] = AVE + AVe (46)

The procedure then is to determine the optimum combination
of w, Q, pe, and p. such that AV is a minimum for the
specified stopover orbit (a,e,t) and the mission parameters
(,8,C3) for the capture and escape hyperbolas along with a
specified stay-time in the stopover orbit.

Application of Davidon Method

¥ The Davidon method as described in Ref. 7 was selected
as the optimization technique for this problem because of the
relatively small number of independent variables involved.
This version of Davidon’s variable metric method requires
only function evaluations in the one-dimensional minimiza-~
tion phase, a fact which is particularly significant since the
gradient vector is calculated numerically by finite differenc-
ing. This approximate gradient information has proven to
be accurate enough to enable the Davidon algorithm to con-
verge to a solution. There is a trade-off between the sophisti-
cation of the differentiation algorithm and the total computa-
tional time. A fourth-order numerical differentiation
method that requires four function evaluations per component
of the gradient vector was selected. However, since the
gradient is only evaluated once each cycle (at the start of
each linear minimization), it does not produce a restrictive
number of additional function evaluations.

The problem has been programmed for the IBM 360/65
digital computer in Fortran IV language. The solution time
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is generally less than 10 sec depending strongly upon the
convergence tolerances and to a lesser degree upon the initial
guess. The input and output information are depicted in
Table 1.

Numerical Studies

The analytical and computational method described in
the previous sections for determining the optimum stop-
over orbit orientation has been applied to several typical
interplanetary missions. The selected missions are only
representatives of a more comprehensive parametric study
for several classes of missions to the planets Venus and Mars
which is currently in progress. A 1978 Venus stopover
mission and a 1973 Mars stopover mission were selected for
illustration purposes.

1978 Venus Stopover Mission

The incoming asymptote at Venus has a declination of
—31.4°, a right ascension of 114.4°, and the hyperbolic excess
speed is 0.187 EMOS (29.78 km/sec) or 5.56 km/sec (C; =
30.88 km?/sec?). After a stay-time the vehicle departs
from Venus. The outgoing asymptote has a declination of
—24.7°, a right ascension of 84.4°, and the hyperbolic excess
speed is 0.165 EMOS or 4.91 km/sec (C; = 24.14 km?/sec?).
The stopover orbit is selected as an ellipse with a = 39,450
km, e = 0.83, and is inclined at 147.91°. The inclination
was selected such that the capture and escape maneuvers are

Table 1 Mission parameters®

Input parameters— Output parameters

Stopover Hyperbolas (Optimum conditions)
orbit Capture Escape Capture Escape

a) 1978 Venus mission
a= 39,450 C; = 30.99 24.44 o = 198.0 198.0
e = 0.8276 o = 114.40 84.84 Q= 38.12 38.12
7 = 147.91 5 = —31.40 24.70 p = 268.0 146.0

AV iota1 = 4.1568 km/sec
b) 1973 unperturbed Mars mission (20-day stay-time)

a= 19,550 C; = 20.6 57.6 o = 349.76 349.75
e = 0.80 a = 138.0 31.6 Q= 156.12 156.12
i = 170.0 § = 5.9 8.9 p = 277.29 45.4

AViotm = 7.309 km/sec
¢) 1973 perturbed Mars mission (20-day stay-time)

a= 19,6560 C;= 20.6 57.6 w = 322.82 329.99
e = 0.80 a = 138.0 31.6 Q = 130.76 134.43
1 = 170.0 8§ = 5.9 8.9 p = 248.02 20.06

AViotar = 7.284 km/sec

@ qisin km; Csin km?/sec?; all angles in degrees (see Nomenclature).
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Fig. 7 Optimum total velocity increment dependence on
orbit inclination for a 1973 Mars mission.

coplanar with the plane determined by the incoming and
outgoing asymptotes. The results for the optimum orienta-
tion parameters w, Q, pc, p. are shown in Table 1. The
corresponding capture and escape maneuver conditions are
also shown which yield the minimum total velocity increment
of 4.156 km/sec. Note that for Venus w = 0 and @ = 0, so
that the stopover orbit has not been perturbed. These re-
sults are in good agreement with the results presented in Refs.
land 2.

1973 Mars Stopover Mission

A 400 day mission, that departs from Earth in early August
1973, arrives at Mars in early January 1974, goes into an orbit
about Mars for a 10 day stay-time, departs from Mars about
mid-January 1974, and arrives at Earth about mid-September
1974. The incoming asymptote at Mars has a declination
of 5.9°, a right ascension of 138°, and the hyperbolic excess
speed is 0.153 EMOS (C; = 20.6 km?/sec?). The outgoing
asymptote at Mars has a declination of 31.6°, a right ascen-
sion of 8.9°, and the hyberbolic excess speed is 0.255 EMOS
(C; = 57.6 km?/sec?). The stopover orbit has a semimajor
axis of 19,550 km and an ececentricity of 0.80. The inclination
was selected as 170°.  The results for the optimum conditions
for the orientation, escape and capture maneuvers, and the
minimum total velocity increment are shown in Tables 1b and
lc. The conditionsin Table 1b correspond to an unperturbed
orbit, i.e., @ = 0 and € = 0, whereas the information pre-
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sented in Table 1c is for a perturbed orbit. One interesting
result that does show up for this case is that the rotation
of the periapsis due to the perturbation helps to reduce the
total velocity increment since it tends to align the periapsis
of the stopover orbit with the escape hyperbola. Figure 6
illustrates the geometry for this particular optimum eapture-
escape problem.

The effect of the capture orbit inclination on the minimum
total velocity increment is shown in Fig. 7. It is readily
apparent that the inclination of the orbit has a significant
influence on the velocity inecrement required to perform the
capture and escape maneuvers.

Conclusions

The following observations can be made concerning the
work summarized in this paper.

1) The analytical and computational method presented in
this paper for determining the optimum orientation for the
planetary stopover orbit provides a rapid means for conduct-
ing a parametric study of the stopover orbit parameters
(a,e,) for classes of interplanetary missions;

2) The results of such a parametric study used in con-
junction with other optimal mission analysis studies can
yield information that can result in highly economical mission
profiles; '

3) The length of time spent in the stopover orbit can be
used to advantage, in some cases, in reducing the total ve-
locity increment for the capture and escape maneuvers;

4) The fact that the gradient veector is calculated using a
finite differencing technique and provides sufficient accuracy
to permit convergence is significant.
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